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Abstract—The dynamics of a parallel plate regenerative heat exchanger are studied using 2 model in which
resistance to heat transfer is due to diffusional resistance in the fluid in the direction transverse to flow. The
resultant Nusselt number is a function of time as well as longitudinal distance from the entrance of the
exchanger and is nota constant, as is assumed in the traditional regerator problem. However, for reasonably
large dimensionless longitudinal distances from the entrance, the temperature profiles agree reasonably well
with those obtained from the traditional Anzelius-Schumann solution despite the fact that the local Nusselt
numbers become very large for large times.
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NOMENCLATURE

function defined by equation (A.14);
function defined by equation (A.15);
solute concentration in fluid phase
[g/om®];

fluid phase inlet solute concentra-
tion [g/cm?];

initial fluid phase concentration
adjacent to the plate and in equili-
brium with solute in adsorbed
phase on the plate [g solute/cm?];
heat capacity of the plate [ cal/g °K ] ;
molecular diffusion coefficient of
solute in fluid phase [cm?/s];
heat-transfer coefficient [cal/s cm?
°K], or mass-transfer coefficient
[em/s];

V- L

thermal conductivity of fluid phase
[cal/s cm °K];

Henry’s law type equilibrium co-
efficient,

g adsorbed solute/cm? adsorbed phase

g solute/cm? fluid phase

characteristic length, half distance
between the plates [cm];

mass of plate per unit area of plate
surface [g/cm?];

tA’
T,
T,

T,

mn:

T.

i. walls

u’

U,

Usol id>

or mass of adsorped phase per unit
area of plate surface [g/cm?];
Nusselt number, defined by equa-
tion (15), dimensionless;

Laplace transform variable;
dimensionless time, kz ,/m,C L for
heat-transfer case, Dt,/m KL for
mass-transfer case;

actual time [sec];

temperature [°K];

bulk temperature of the fluid phase,
defined by equation (14) [°K];
fluid phase inlet temperature [°K];
initial plate temperature [°K];
defined by equation (A.12) and
used as variable of integration;
dimensionless temperature or di-
mensionless concentration,

T_T;n

or C - Cin
T;. wall — Tin C

C 5

i.wall —
dimensionless bulk temperature or
1
concentration, | U(x, t, y)dy
0
dimensionless temperature or di-

mensionless equilibrium concentra-
tion of the solid phase;
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T, constant plug flow velocity of fluid
phase;

X, dimensionless longitudinal coordi-
nate, ax ,/vI? for heat-transfer case,
Dx ,/vI? for mass-transfer case also,
real part of complex number;

X 45 actual longitudinal coordinate
[em];

Vs dimensionless transverse coordi-
nate, y /L also, imaginary part of
complex number Z;

Vas actual transverse coordinate [cm];

z, complex number.

Greek symbols

o, thermal diffusivity of fluid phase
[em?/s];

7, same as y;

g, same as x;

@g(u, 1), functiondefined by equation(A.17);

¢fu,n), functiondefined by equation(A.18);

A transfer coefficient in equation (16),
as used by Ackermann [1].

INTRODUCTION

IN MOST mathematical models formulated to
describe the dynamics of heat regenerators or
mass exchangers the resistance to transfer
between solid and fluid phases is accounted for
by means of a constant transfer coefficient
[2, 9, 13]. An extensive discussion of these
solutions, with references, is given by Jakob [8].
The analogous mass transfer cases are discussed
by Hougen and Watson [6]. Lightfoot [10]
discusses some of these models as pertains to
ion exchange, chromatography and drying,

The purpose of this paper is to examine the
assumption that the Nusseltnumberisaconstant.
The model considered attributes heat transfer
resistance to conduction in the fluid phase
transverse to the direction of flow. Thermal
conductivities in the solid phase are assumed
infinite in the transverse direction and the con-
duction of heat in the direction parallel to flow
is neglected compared with the transfer by
convection. These are the usual assumptions
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made in connection with regenerator studies
[8]. To facilitate solution of the problem, a
constant and uniform velocity profile in the fluid
phase is assumed, i.e. plug flow. This assumption
follows Sparrow and Spalding [16] and Siegel
[14] in that it is felt that the essential nature of
the results will not be changed markedly. Also,
in the entrance region plug flow can be assumed
because a parabolic velocity profile has not yet
been established.

MATHEMATICAL MODEL

Consider a parallel plate channel through
which a fluid of constant physical properties is
flowing in plug flow. The cnergy equation can
be written as

oT T
Yax. T
Longitudinal diffusional effects can be shown to
be negligible for reasonably high fluid flows, i.e.
Péclet number greater than 10 [7]. Hence, they
are neglected in equation (1). Since velocity is
reasonably high, the accumulation term ¢7T/0t ,
may also be omitted from equation (1). How-
ever, for the case of plug flow the transformation
to a characteristic type coordinate [4, 8, 14]
will eliminate the accumulation term. At the
plate wall we assume that all the heat leaving
the fluid goes to increase the enthalpy of the
plate. This results in

0. (1)

oT oT
k—— = msC s A, (2)
ayA ya=0 P atA ya=0
No transfer across the centreline yields
oT
— = 0. 3)
0y 4 ya=L

To transform the equations into dimension-
less form we define the following dimensionless
variables

ki,
t =
mC L “)
_Ja
y=7 (5)
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o
X = E . X4 (6)
T-T,
M — )
Equations (1) and (2) transform into
oUu  o*U
o a7 O ®
ou ou
hihdl == 9
0yly=0 Ot|y=0 ©)
Equation (3) becomes
6£ =0 (10)
ay y=1

For boundary conditions we consider the case
of constant initial wall temperature and constant
inlet fluid temperature. These boundary condi-
tions become

U@©,t,y)=0 (11)
U(x,0,0) = L (12)
The heat-transfer coefficient h is defined by
oT
—k— =hT|, =0 — T) (13)
ayA am0 ( Iy o b

where T, is bulk average temperature defined as

L

1
1, = zj‘ T(xqteya)dy,
0

(14)

In dimensionless form we obtain the definition of
the Nusselt number as

_hL _ oU/0y|,=

k  U,—Ul=o
The dimensionless parameters for the analogous
mass transfer problem are defined in the Nomen-
clature.

Nu (15)

e o}

Ulx,t,y) =

S I

0

From equation (15) it is apparent that the
Nusselt number is a function of time as well as
longitudinal distance x.

MATHEMATICAL SOLUTION

A solution to equations (8) through (12) does
not appear to have been reported previously in
the literature. For spherical geometry Rosen
[12] presentsa solution to the same mathematical
problem equivalent to the wall temperature
U(x, t, 0). In Rosen’s physical model, however,
diffusion within the solid spherical particles is
considered rather than diffusion within the fluid

phase. Rosen does not present the complete solu-
tion U(x, t, y), which is needed here to determine
the fluid bulk temperatures, U, (¢, x). For the
case where there exists a resistance between fluid
and solid phase, equation (9) is replaced by

oUu
- Y = X (Uspria — Uly=0) (16)
y y=0
0U o
— 2 = (U = Uly=0)- (17)

Ackermann [1] solved the system of equations
(8) through (10), (16), and (17) for what is equiva-
lent to constant initial wall temperature and
arbitrary inlet temperature U(0, ¢, y). He
obtained the solution in the form of an integral
equation which was then solved by successive
graphical integration.

The solutions presented in this paper to
equations (8) through (12) were obtained by
Laplace transforms and contour integration in
the complex domain to invert the Laplace
transform. This is similar to the procedure
followed by Rosen [12]. For details of the present
solution see Appendix A. The resultant solution
for U(x, t, y)is

+ %J —11; exp [—tBy(u)] . {sin (2xu? — tB,(u)). @x(u, y) + cos [2xu? — tB,(u)]

Low )y du  (18)
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where
. ulsinh 2u — sin 2u)
B = 4
1@ cosh 2u + cos 2u (19)
u(sinh 2u + sin 2u)
B,(u) =
) cosh 2u + cos 2u (20)
_ cosh yucos (2 — yJu + cos yucosh (2 — yju
Prlt y) = cosh 2u + cos 2u 21)
sinh yusin (2 — yu + sin yusinh (2 — yu
ol y) = — S yusinh 2 = ) @)

cosh 2u + cos 2u

A computer program was written to evaluate
equation (18) using Gaussian quadrature. It can
be shown that for x < 0044 or for t > 9x a
boundary layer or penetration type solution is
valid which is obtained by letting the channel
width to be infinite:

t+y
2x
Equation (23) satisfies the partical differential
equation and all the boundary conditions except

(10). However, for the region x < 0044, the
dimensionless gradient at y = 1 is less than 0-01;

U(x, t,y) = erfc (23)

and for t > 9x the ratio of the gradient at
y = 1 to the gradient at y = 0 is less than 0-01.
Under these conditions it is felt that equation (23)
satisfied (10) sufficiently well so that for all
practical purposes equation (23) can be con-
sidered a solution. The complimentary error
function solution was used to check some of the
numerical results obtained from equation (18)
at an x coordinate of 0-0444. The maximum
absolute difference between the two different
forms of solution was less than 0-0004.

Using equations (18) and (15) we obtain as an
expression for the Nusselt number

- J% exp [—tB,(u)] . [sin A(x, t,u). B;(1) + cos A(x, t, u). B,(u)] du

Nu=

(24)

J i exp [ —tB;(w] .{sin Alx, t,u). [322:;) - 1} — cos A{x, 1, u). leg)} du
0

where

Alx, t,u) = 2xu? — tB,(u).
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For low values of t, equation (24) is difficult to
evaluate numerically. However, when t =0
the boundary conditions to equation (8) become

U=0
U=1

for x=0

(25)

for y=0.

The solution of which is given in Carslaw and
Jaeger [3]. Thus, this latter solution can be used
to obtain the Nusselt number as a function of
x for zero t.

BEHAVIOUR OF NUSSELT NUMBER
AND TEMPERATURE

Figure 2 shows a logarithmic plot of Nusselt
number against longitudinal coordinate x with
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FIG. 2. Nusselt numbers for a regenerator.

time as a parameter. Using the asymptotic
solution, equation (23), it can be shown that for
a fixed x the Nusselt number increases without
bound as time goes to infinity. As longitudinal
distance x tends towards infinity for a fixed
time, the Nusselt number tends toward the
constant value of 2-467, which corresponds to
the value obtained at zero time for reasonably
large x. In other words, the curves in Fig. 2
converge towards this value. The dashed lines
represent steady state Nusselt numbers calcu-
lated by Solbrig and Gidaspow [15] for the
two cases of (1) constant wall temperature, and
(2) constant flux at the wall. Their calculations
were made assuming a parabolic velocity pro-
file. The curve for zero ¢ and the lower dashed
line represent the same physical situation except
that the assumed velocity profiles are respectively
plug flow and parabolic. Their close agreement
for a dimensionless x coordinate greater than
about 0-25 supports the hypothesis that Nusselt
number results calculated assuming plug flow
are representative of the results that would
be obtained if a more realistic velocity profile
were assumed. Clearly, boundary conditions
affect the Nusselt number more than does the
velocity profile.

Since the results obtained here indicate
that Nusselt numbers for regenerators are not
constant at a given longitudinal coordinate but
vary with time, the question naturally arises as
to how serious is the error that is obtained in
assuming a constant Nusselt number to calculate
temperature profiles using the classical Anzelius—
Schumann solution [9]. Figure 3 compares
temperature profiles obtained from equation (18)
with profiles obtained from the Anzelius—
Schumann curves [9] using a constant Nusselt
number of 2-467. This value for Nusselt number
is a logical a priori value since it is the theoretical
steady value for laminar plug flow with a con-
stant wall temperature. As can be seen from
Fig. 3 there is some discrepancy between the
profiles. Figure 4 is the same type plot but based
on a Nusselt number of 3. For this case, closer
agreement is obtained between the two different
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solutions indicating that for most practical
purposes the assumption of a constant Nusselt
number isnotabad one-atleastin those instances
where the dimensionless x values under con-
sideration are relatively large. Such would
usually be the case when the fluid phase is a
gas. Major disagreement between the Anzelius—
Schumann solution and the present solution
occurs in the values for wall temperature at low
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values of x. For small values of x in our model
the Nusselt number becomes very large, as is
true in every Graetz problem ; therefore, the wall
temperature at x = 0 becomes equal to the
inlet temperature. In Schumann’s analysis [13],
however, the resistance to heat transfer remains
constant throughout the length of the channel
This gives rise to a wall temperature at zero x
different from the inlet temperature, which of
course contradicts the usual observation, except
for those cases when back conduction is im-
portant. The present model is believed to be
more realistic near the entrance region than the
Anzelius-Schumann model.
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If desired, transverse temperature profiles
within the fluid phase may be calculated using
equation (18). Figure 5 shows how these profiles
vary with time at a fixed longitudinal coordinate
of x of one. It will be noticed that a transverse
temperature distribution exists at zero t. Mathe-
matically we are not free to specify the tempera-
ture throughout when the variable ¢ equals zero
because the system of equations would then be
over determined. At a given longitudinal station,
say x = £, time ¢t is counted from the moment
the disturbance which was introduced at x equals
zero reaches the point x = £ that is, &/v time

units after the fluid was introduced at x equals
zero. During the period that this front traveled
from x = 0 to x = £ it was receiving heat from
the wall, which was at the initial dimensionless
temperature of one. Thus we obtain an initial
transverse temperature distribution which will
be different at each x coordinate. Siegel [14]
gives an excellent discussion of this phenomenon.

CONCLUSIONS

(1) A mathematical model for a regenerator has
been proposed in which resistance to heat
transfer is assumed to be due to the finite
thermal conductivity of the fluid phase. Exact
solutions for the temperature profile and the
Nusselt number are presented as integrals
which can be easily evaluated by computer
using Gaussian quadrature.

(2) It was found that the Nusselt number does
not reach a steady state value with time but
continues to increase indefinitely. Thus,
Nusselt numbers range from those obtained
for the case of constant wall temperature
to infinity. Comparison of the temperature
profiles with those calculated from the
Anzelius-Schumann curves [9] based on a
constant Nusselt number of 3 indicates,
however, that the simpler Anzelius-
Schumann solution may be used without
serious error except in the entrance, where
the wall temperature as predicted by the
Anzelius-Schumann curve is in error.
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APPENDIX A

We consider U to be a three place function of
x, t, and y, ie. U(x, t, y). We want to solve the
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system of equations

oU  o*U
T (A
oU ou
- =— (A2
ay y=0 at y=0 )
QE =0 (A.3)
ay y=1
U(x,0,0) = 1 (A.4)
U@, t,y)=0 (A5)

Let U(s, t, y) denote the Laplace transform with
respect to x of U(x, ¢, y). In the Laplace domain
we obtain as the solution of (A.1) through (A.5)

— 1 .
Us, t,y) = ;(cosh /sy — tanh /s sinh \/sy)

x exp (—t /s tanh /s). (A.6)

For convenience in what follows, denote x by
¢ and y by . Henceforth we will refer to U(x, ¢, y)
as U(¢, t,1). To determine U(&, £, ) we will invert
(A.6) by means of the inversion theorem. Let
f(s) denote Uls, t, n), where the dependence of
t and #n has been suppressed. Similarly let F(&)
denote U(¢, t, n). Applying the inversion theorem
gives
ytip

e* f(z)dz

y—iB

F(é) = ,1_]1m

27i®

(A7)

where y is chosen such that f(z) is analytic for
Re(z) > y. We see that f(z) is analytic for all z
such that Re(z) > 0. Atz = Owehave an essential
singularity. Using the path of integration shown
in Fig. A1, F(¢t) becomes (where z = x + iy,
x and y are here the real and imaginary parts of
the complex number z)
1 .
F(§) = lim {2 l Jeﬂf(zy)zdy
+ ije‘“ fGy)idy + L Jnezf f(2 dz} (A.8)
2mi 2mi ’
€ r

where I' is the semicircle of radius ¢

DIMITRI GIDASPOW and RALPH E. PECK

First, we will evaluate the third term on the
right in equation (A.8).

v Complex Z-piane

FIG. A 1. Integration contour in the complex plane.

L f ¢ f(@)dz = J exp (et e”) f(ee)
2mi 2ni

r —n/2

/2
ie?df = |
€le = _—
2n

—n/2

— t(J9e?? tanh [(/e) €”*]} ec® dO

m/2
1
—+—J‘(p(0n fd@-—z

1 qo(ee , 1) exp {&ee®

—nj2 -r/2
as ¢—0. (A.9)
Hence we have
hmz)- e f(z)dz = % (A.10)
=0 H
Noting that
L1 ot sipay = e sy
2n 2n

we obtain as shown in Churchill [5]
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T 1f. ‘ _ (sinh 2u + sin 2u)
FO=3+ lméﬁj [e™ fGiy) + e7* Bal) = = oshu Tooszu A9
1 1 1 ° We can also obtain ¢(iy, ) in the form
f(=iy) dy=—+lim—JRe e f(iy)]d . .
2 T ) Rele Sl ay Pliv, 1) = oali ) + o) (A1)
(A.11)
where
__ coshnucos(2 —n)u + cosnucosh (2 — n)u
Pxlin ) = cosh 2u + cos 2u (A.17a)
and
_ sinhnusin (2 — n)u + sinh (2 — n) usinnu
Prlun) = cosh 2u + cos 2u ' (A.176)
where

. 1
e f(iy) = oliy, )7, oXP [iy¢ — t /(iy)
tanh ,/(iy)]

now

Jiy) = Jo/2 1 + i) = u(l + i)
where

u=Jo/)

Employing the fact that
tanh ./(iy) = tanh (4 + iu)

_ sinh 2u + isin 2u
" cosh2u + cos2u

(A.12)

(See Pennisi [11])

we obtain
1
v exp [iy¢ — t,/(iy) tanh \/(iy)]

1
= exp [~ Byw)]. {sin [y¢ — £ B;(]
~ icos [y¢ — t Byw)])

u(sinh 2u — sin 2u)
cosh 2u + cos 2u

(A.13)

By(u) =

(A.14)

From (A.12), (A.13), (A16), and (A.18), we obtain

Re[e™ f(iy)] = % exp[ —t B,(w)] {sin [y¢

— t By(w)] . @g(u,n) + cos [y¢ — tB,(u)]

x @du,m}.  (A19)
Substituting into equation (A.11) and changing
the variable of integration from y to u with the
substitution u = ,/(y/2) gives

Q

1 231
U, t,n) = 3 + EJ;{CXP [—tB,(u)l}

{sin [2¢&u? — tB,(u)]. @r(u, n) + cos [2&u?

— tB,(1)]. ofu,n)} du. (A.20)

As u — 0 the above integrand goes to zero, so
that the singularity in the integrand at u =0
is removable. As u — oo, B,(u) » u. The func-
tions ¢g(u,n) and ¢@u,n) are continuous and
bounded for 0 < u < co. Hence the integral
converges because of the exponential term.
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For n = 0 we obtain that
1 211 ) , U 00_1 2‘sinv
U(é,t,0)=§+; —l;{exp[—tBl(u)]} sin [2&u (&0, )_§+E “Td =1;
0 (4] 0

which corresponds to the result given by Rosen
except for the differences caused by the spherical

— tBy(u)] du (A.21)  thus, the inlet condition is satisfied. It is not
readily apparent, however, that equation (A.20)
reducestozerowhen ¢ = 0. Thishasbeenchecked
numerically. Computer results were less than

geometry he considered. It can easily be shown 1077 for ¢ = 0.

Résumé—La dynamique des échangeurs a plaques paralléles par récupération est étudiée a I'aide d’un
modéle dans lequel la résistance au transport de chaleur est due a la résistance 4 la diffusion dans le fluide
dans la direction transversale 3 I’écoulement. Le nombre de Nusselt résultant est une fonction du temps
aussi bien que de la distance longitudinale mise sans dimensions 4 partir de 'entrée de 1’échangeur et
n’est pas constant, comme il est supposé dans le probléme traditionnel du récupérateur. Cependant,
pour des distances de I’entrée raisonnablement grandes, les profils de température sont en accord assez
raisonnable avec ceux obtenus 4 partir de la solution traditionnelle de Anzelium—Schumann en dépit du
fait que les nombres de Nusselt locaux deviennent trés grands pour des temps assez longs.

Zusammenfassung— Das Ubertragungsverhalten eines Paralleplatten-Regenerators wird anhand eines
Modells untersucht, das den Wiarmewiderstand auf einen reinen Leitwiderstand senkrecht zur Stromungs-
richtung zuriick fithrt.

Die resultierende Nusselt-Zahl ist sowohl eine Funktion der Zeit, als auch der Entfernung vom Re-
generatoreintritt, demnach also keine Konstante, wie beim traditionellen Regeneratorproblem angenom-
men wird.

Fiir nicht zu kleine dimensionslose Entfernungen vom Eintritt stimmen die errechneten Temperatur-
profile allerdings recht gut mit jenen nach der klassischen Anzelium-Schumann-Losung iiberein, trotz

der Tatsache, dass die lokalen Nusselt—Zahlen fiir grosse Zeiten sehr gross werden.

Annoranua—yi3yvaercs AMHAMUKA [APAIIEILHOTO NIIACTHHYATOIO PEreHepPaTUBHOTO TeIo-
00MeHMKA IIyTeM MCIIOJb30BAHHA MOJEIH, B KOTOpol renjioobmen onpefenserca auddysueit
B KUJKOCTH, TEKYINel 1oHepeuHo OCHOBHOMY MOTOKY. PeayabpTupymomwee uncao Hyccenbra
3aBUCHT OT BPEMEHH, 4 TAKMe OT IPO0JILHOTO PACCTOSHHA OT BXO0/la B TENIO0OMEHHHMK U He
HABJIAETCA MOCTOAHHBIM, KAK 9TO OOBIYHO NpeANoJiaraeTcAd B TPAAMUMOHHON 3ajade O pereHe-
paropax. Opguako, aJiA BecbMa 6oabIINX (e3pasMepHHIX IPOJOJBLHBIX PACCTOAHHI OT BXOZRA
TeMnepaTypHble Npognin XOpomio COPIACYIOTCA € YHe paHee HONYYEHHBIMU NPOPHAAMH U3
H3BecTHOTO peutenua Amnsemyma—IlIymaxa HecMoTpa Ha TOT (aKT, 4TO JOKAJIBHBEIE YUCIIA
Hyccearbra cTaHOBATCA OYenb GOJBIINMH JUIA GOJXBIIUX BPEMeH.



